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ABSTRACT: Analyzing rate-performance data in battery electrodes is greatly facilitated by 
access to simple analytical models. Here we describe a number of simple equations for fitting 
capacity-rate data. These equations output fit parameters, such as the characteristic time, which 
quantify rate-performance. This characteristic time can be linked to mechanistic effects, such 
as diffusion and electrical limitations, allowing quantitative analysis. 
 
INTRODUCTION 
Although research into lithium ion batteries has made rapid progress, high-rate-performance 
still needs to be significantly improved for a range of applications[1] such as rapid charging or 
high power delivery.[2] One factor hampering progress in this area is a lack of awareness 
among researchers that simple models exist to facilitate analysis of rate-performance data. Such 
models can be used to fit capacity-rate data, outputting fit parameters which enable the 
quantitative assessment of rate-performance and allow data analysis in terms of rate-limiting 
mechanisms.  
In battery research the charge/discharge rate is denoted in various ways, most commonly via 
the specific charge/discharge current (I/M) or the C-rate, which is defined via 
C-rate ( / ) / ( / )R TheoryC I M Q M= = , where ( / )TheoryQ M is the theoretical capacity. More 
recently,[3] we have argued that the charge/discharge rate, R, defined as ( / ) / ( / )R I M Q M=  
, where /Q M  represents the measured specific capacity, is an appropriate expression of rate 
where quantitative analysis is required. 
The problem with rate-performance in batteries is based on the fact that, above some threshold 
charge/discharge rate (i.e. (I/M)T, RT or CR,T), the maximum achievable capacity begins to fall 
off with charge/discharge rate. Essentially, this limits the amount of energy a battery can 
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deliver at high power, or store when charged rapidly. This is a significant problem and has led 
to a number of strategies targeting  the electrodes,[4-7] electrolyte[8] and separator[9] with the 
aim of increasing (I/M)T and slowing the rate of capacity decay above (I/M)T. 
It is known that rate-performance can be improved by decreasing active particle size,[10-12] 
and electrode thickness,[13-16] or by increasing solid-state diffusivity,[10] conductor 
content[6,15,17] or electrode porosity[15,18] as well as by optimizing electrolyte 
concentration[13,15] and viscosity.[15] This implies that the factors limiting rate-performance 
are: solid-state diffusion of ions in the lithium-storing materials, electronic transport in 
electrodes, ion motion in both bulk electrolyte and electrolyte-filled pores and the timescale 
associated with electrochemical reactions.[11,19-21] Speeding up any of these processes 
should improve rate-performance. 
However, for experimentalists, it is difficult to link the observed rate-performance to these 
factors quantitatively. The simplest and most common rate-performance data are capacity vs. 
rate curves (e.g. Q/M vs. C-rate). Although it is possible to use simple models to fit data and 
obtain information about the factors above, this is rarely done. Here we review some of the 
models available to analyze data, focusing on recently published, simple, analytical models. 
We note that in some cases, we have modified the equations from their reported form to make 
them consistent, in terms of form and notation, with the other equations we describe. 
SIMULATIONS 
A number of electrochemical models exist which fully describe the chemical processes 
occurring within the battery.[19,22-24] Most common is the Doyle-Fuller-Newman (DFN) 
approach which uses concentrated solution theory to model the charge/discharge processes in 
Li-ion cells.[25,26] These models involve the numerical solution of a six coupled differential 
equations which, once solved, yield a range of data including capacity as a function of current. 
Such models are comprehensive and match well to experimental data[13] but are relatively 
complex to use, making them inaccessible to the majority of experimentalists.  
PHYSICS-BASED FITTABLE MODELS 
Experimentalists require simple equations which can be used to fit capacity versus rate data, 
yielding fit parameters which can be linked to rate-limiting mechanisms. Here we present a 
number of such models, modifying them slightly to keep notation consistent. We note that areal 
(Q/A), volumetric (Q/V) and specific (Q/M) capacities are interchangeable via 
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/ /EQ V Q M=   and / /EQ A L Q V=   where E and LE are the electrode density and 
thickness. In addition, for simplicity, we normalize specific and volumetric capacities to the 
total mass and volume of the electrodes.  
The earliest fittable equations were developed by dramatically simplifying the DFN model, 
resulting in three analytical models which describe capacity as a function of rate for three 
different rate-limiting processes: Ohmic limitations and diffusion in electrolyte or active 
particles.[21] However, in experimental systems, the rate-limiting process may not be known, 
raising questions as to which equation to use. As a result, these equations are not widely used 
for fitting purposes.  
A considerably simpler approach was taken by Johns et al.[27] who proposed the capacity to 
be limited at high-rate by the lithium concentration in the electrolyte falling to zero within the 
electrode, leaving a “dead zone” where lithium cannot be stored. This leads to equations for 
Q/M as a function of either C-rate (CR) or R: 
0
0 0 2(1 )
M E
V E R
Q D C FQ
M t Q L C+
=
−
  or 
1/2
0
0 2(1 )
E
M
V E
D C FQ
Q
M t Q L R+
 
=  
− 
    (1) 
where MQ  is the low-rate specific capacity, VQ  and 
0
VQ  are the low-rate experimental and 
theoretical volumetric capacities, DE is the diffusion coefficient of Li ions in the electrolyte 
within the pores of the electrode, C0 is a measure of the concentration of Li ions, F is Faradays 
constant, 0t+  is the Li ion transport number and LE is the electrode thickness. We note that the 
right-hand equation has the R-1/2 dependence expected for a diffusion-limited process.[3] 
Similarly, Gallagher et al.[22] used concentrated solution theory to infer the penetration depth 
of the electrolyte into the porous electrode. Applying this information results in expressions for 
specific capacity versus C-rate or R similar to equation 1:  
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  (2) 
where  is the ratio of penetration length to electrode thickness. We note that equations 1 and 
2 both apply only to the high-rate region where capacity falls with rate.  
To address the latter point, Cornut et al.[28] proposed an equation which describes specific 
capacity as a function of C-rate for electrodes limited by solid state diffusion: 
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21 (0.23 / )
M
AM AM R
QQ
M L D C
=
+ 
       (3) 
where LAM is the solid-state diffusion length associated with the active particles (related to 
particle size) and DAM is the diffusion coefficient of Li ions within the particles. This equation 
describes a capacity that is rate-independent at low-rate but decays inversely with C-rate at 
high-rate, and so is consistent with experimental data. However, it is limited to describing only 
one rate-limiting mechanism. 
SEMIEMPIRICAL MODELS 
One problem with the equations above is that they all give specific dependences on CR, which 
may or may not describe real data. To address this, a number of authors have proposed semi-
empirical equations to describe any capacity versus rate data. Of these, we reproduce three 
which have been proposed to express Q/M as a function of C-rate (CR): 
( )( )/ 1 exp nM CQ M Q R  − = − −        (4, Heubner et al)[29] 
( )/ exp
n
M CQ M Q R  = − 
      (5, Wong et al)[30] 
/ 1 2( )nM CQ M Q R = −        (6, Tian et al)[31] 
As well as two equations expressed in terms of charge/discharge rate, R: 
1 2( )
M
n
QQ
M R
=
+
       (7, Tian et al.)[31] 
( )( )/ 1 ( ) 1
nn R
MQ M Q R e

−− = − −
 
      (8, Tian et al)[3] 
All of these equations fit data for Q/M as a function of CR or R very well, outputting fit 
parameters describing the low-rate capacity (QM), the characteristic charge/discharge time () 
and a constant (n). Probably most important parameter is the characteristic time. In all cases  
is a measure[3] of the rate where the capacity begins to fall off such that 
,1/ ( / )T T R TI M R C     with the details depending on the specific capacity-rate equation. 
For example, if we define RT as the rate where the capacity falls below 0.9×QM, equation 8 
yields: 1/(1/10) /nTR = .[32]  
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The meaning of n can be illustrated by approximating the capacity-rate equations in the high-
rate limit. This is most easily seen for equations 7 and 8, giving the same result in both cases: 
[3,31] 
2( )
M
n
high R
QQ
M R−
 
 
 
          (9) 
meaning n is a measure of how fast the capacity decays with rate (c.f. equations 1 and 2). 
Equations 4 to 8 have been plotted in figure 1 A-C (taking =1 h, n=1) with all showing the 
familiar plateau at low rate followed by a decay at high-rates. Examples of fitting using these 
equations are given in figure 1D. We note that fitting data versus R rather than C-rate is 
probably advisable, as using the theoretical capacity to calculate C-rate (rather than the 
experimental capacity which is used to obtain R), can cause errors in  when QM<(Q/M)Theory 
(see figure 1D). However, choice of fitting equation is largely a matter of taste. We recommend 
using equation 8, simply because databases of fit parameters found using this equation have 
been published.[3,33] 
In their work, Heubner et al.[29] used eq 4 to fit a number of data sets, showing that the 
characteristic time, , was similar to the timescale associated with ion diffusion in the 
electrolyte within the pores of the electrode: 
2
E
E
L
D
 =            (10) 
In a separate paper,[34] the same authors showed that a number of data sets can be explained 
by assuming that, similar to Johns et al.,[27] above a certain current, the Li ion concentration 
falls to zero within the electrode. This leads to a diffusion-limited (DL) current density, above 
which the capacity begins to decay. This current density can be converted to the diffusion-
limited C-rate by dividing by (Q/A)Theory. The authors showed that this DL C-rate matches well 
to the C-rate above which the capacity falls off, and so can be associated with CR,T. Similarly, 
dividing the DL current density by the experimental Q/A (near the plateau, / V EQ A Q L ) gives 
RT in this scenario: 
0
2
2 E
T
V E
D C F
R
Q L
          (11a) 
Equation 11a can be used in conjunction with equation 8 by applying 1/(1/10) /nTR = . Under 
these circumstances, this then yields a diffusion-limited characteristic time: 
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1/ 2
0
(1/10)
2
n
V E
E
Q L
D C F
 =          (11b) 
Equation 11b shows some similarities to equation 10 but interestingly predicts the rate-
performance to depend explicitly on the capacity. Comparison of equation 1 and equation 9 
(taking n=1/2) shows that the work of Johns et al. is equivalent to a characteristic time of 
2 0
0(1 ) / (4 )V E EQ L t D C F += − , which is very similar to equation 11b, as might be expected given 
the premises of these papers are equivalent. A very similar result can be found for equation 2. 
Wong et al.[30] used equation 5 to fit a large number of Q/M v CR data sets from the literature. 
They found correlations between  and various electrode parameters such as particle size and 
the activation energy associated with solid state diffusion (with the latter relationship implying 
an inverse scaling between  and solid-state diffusion coefficient, consistent with equation 3 
and equation 12 below). 
Equations 6 and 7 were both derived[31] using methods[35] designed to convert 
chronoamperometry data to capacity-rate data. These equations have the advantage that they 
have some physical basis, are expressed in a simple form and fit experimental data well. In 
addition, both of these equations were designed to output values of QM,  and n which are 
consistent with published values obtained from equation 8.  
Tian et al.[3] used equation 8 to fit ~200 capacity-rate data sets extracted from the literature 
(figure 2A). Interestingly, they performed detailed analysis on the fit parameters, focusing on 
n and . By plotting a histogram of the obtained n-values, they found this value to fall roughly 
between 0.5 and 1, the values expected for diffusion-limited and electrically-limited behaviour 
(figure 2B).[3,36] They also found a rough scaling of  with 2EL   over the whole data set (figure 
2C). This result is particularly important as it shows the importance of electrode thickness and 
illustrates that rate-performance cannot be reported without reference to electrode thickness. 
This scaling implies that the quantity 2 /EL   can be used as a figure of merit for rate-
performance. This parameter varied between ~10-14 m2/s and ~10-9 m2/s for very fast electrodes, 
yielding a scale to which rate-performance can be compared (figure 2D). 
MULTIPLE RATE-LIMITING MECHANISMS 
Tian et al.[3] proposed that all possible rate-limiting mechanisms could accounted for by 
writing  as a combination of the RC charge/discharge time of the electrode, various diffusion 
times and the time associated with the electrochemical reaction, tc: 
7 
 
2 2
, , ,2
3/2 3/2 3/2 3/2
1
2 2
V eff V eff S V eff S AM
E E c
OOP BL E BL E BL S BL S AM
C C L C L L
L L t
P D P P D P D

  
     
= + + + + + +     
     
 (12) 
Here CV,eff is the effective volumetric capacitance of the electrode, OOP is the out-of-plane 
electrical conductivity of the electrode, PE and PS are the porosities of the electrode and 
separator respectively while LS is the separator thickness. Here BL is the overall (anion and 
cation) conductivity of the bulk electrolyte (S/m) while DBL is the cation diffusion coefficient 
in the bulk electrolyte. We note that this equation includes the effect of equation 10 (3rd term 
in equation 12) and the bracketed part of equation 3 (6th term). In addition, it can be shown that 
if the Nearnst-Einstein equation is applied to equation 11b, it becomes very similar to the 2nd 
term in equation 12 (once CV,eff is replaced using the empirical relation below). 
Equation 12 predicts  to scale quadratically with LE. Tian et al showed this to be true for a 
range of materials[3] as illustrated[31] in figure 3A. The authors tested the predications of this 
equation against experimental data in a number of ways, finding quantitative matches in all 
cases.[3] For example, as shown in figure 3B, the predicted dependence of  on separator 
thickness is found experimentally.[3] In addition, by analysing electrode thickness-dependent 
data, Tian et al. found an empirical relationship between CV,eff and the low-rate volumetric 
capacity of the electrode, QV, such that: , / 28 F/mAhV eff VC Q = (figure 3C), a relationship that 
facilitates quantitative analysis of data.[3]  
Tian at al.[36] followed this work by characterising the rate-performance of electrodes as a 
function of electrode conductivity, which they controlled by varying the conductive additive 
content. Combining equation 12 with the empirical equation for ,V effC  given above predicts 
that: 
2 2
14 V
E OOP E
Q
L L
 

= +          (13) 
Where  is just the sum of terms 2-7 in equation 12. Tian et al. showed that this equation 
matches experimental data almost exactly. This strongly supports the veracity of both equation 
12 and the empirical relation obtained from figure 3C. 
CONCLUSIONS 
This review demonstrates that a number of simple models exist that allow the fitting of 
capacity-rate data in battery systems. Such models range from single-mechanism equations 
which only fit high-rate behaviour to semi-empirical models which fit the entire rate range, 
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outputting parameters which allow the quantitative assessment of rate-behaviour. Of such 
parameters, the characteristic time is the most important as it can be linked to rate-limiting 
mechanisms, allowing quantitative analysis. 
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Figure 1: Plots of equation 4 (A), equations 5 and 6 (B) and equations 7 and 8 (C) versus either 
C-rate (RC) or charge/discharge rate (R). In each case, =1 h and n=1. We note that the curve 
in A is more similar in shape to those in C than those in B. As such we have proposed that 
equation 4 should be written in terms of R rather than C-rate.[31] D) Examples of using such 
equations to fit capacity versus rate data.[31] Q/M is plotted versus both RC and R for an NMC 
electrode. These equations are fit to equations 6 and 8 respectively. The outputted fit 
parameters are: Q/M vs. RC (red) – QM=130 mAh/g, =0.40 h, n=1.25; Q/M vs. R (black) – 
QM=134 mAh/g, =0.24 h, n=1.04. The RC values were calculated taking (Q/M)Theory=175 
mAh/g. Because QM<(Q/M)theory, the C-rate fits do not give accurate values of . 
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Figure 2: Fitting capacity-rate data and analysing fit parameters. A) Examples of Q/M vs. R 
curves for four electrode materials fitted using equation 8. B) Histogram of n-values found 
from fitting published Q/M vs. R curves. C) Plot of characteristic time, , extracted from fitting 
published data plotted versus electrode thickness, LE. The line indicates 
2
EL  . B) Histogram 
of values 2 /EL   found from fitting published Q/M vs. R curves. Panels B-D include data for 
both lithium and sodium ion batteries. This data was adapted from ref[3]. 
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Figure 3: Analysing  and related data. A) Characteristic time, , found by fitting capacity-rate 
data for NCA electrodes,[31] plotted versus electrode thickness, LE. The line is a fit to equation 
12. B) Values of 2/ EL  for NMC electrodes[3] plotted versus separator thickness. The solid-
line is predicted by equation 12. C) Empirical relationship between effective volumetric 
capacity and volumetric capacitance. The line is consistent with , / 28F/mAhV eff VC Q = [3]. D) 
Values 2/ EL  for NMC electrodes[36] filled with various mass fractions of carbon black, 
nanotubes or graphene (and so with different out-of-plane conductivities, OOP) plotted versus 
/V OOPQ  . The solid line is a plot of equation 13, taking reasonable values for each parameter 
(using equation 12 to find ).[36] 
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